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SOME REMARKS ON SEMISIMPLE LEIBNIZ ALGEBRAS
S. GO´MEZ - VIDAL, B.A. OMIROV AND A.KH. KHUDOYBERDIYEV
Abstract. From the Levi’s Theorem it is known that every finite dimensional Lie algebra over a
field of characteristic zero is decomposed into semidirect sum of solvable radical and semisimple
subalgebra. Moreover, semisimple part is the direct sum of simple ideals. In [5] the Levi’s theorem
is extended to the case of Leibniz algebras. In the present paper we investigate the semisimple
Leibniz algebras and we show that the splitting theorem for semisimple Leibniz algebras is not true.
Moreover, we consider some special classes of the semisimple Leibniz algebras and find a condition
under which they decompose into direct sum of simple ideals.
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1. Introduction
Due to Levi’s theorem the study of finite dimensional Lie algebra over a field of characteristic zero
is reduced to the study of solvable and semisimple algebras [6]. From results of [11] we can conclude
that the main part of solvable Lie algebra consists of the maximal nilpotent ideal. The classification
of semisimple Lie algebras has been known since the works of Cartan and Killing [6]. According to
the Cartan-Killing theory the semisimple Lie algebra can be represented as a direct sum of simple Lie
algebras.
The notion of Leibniz algebras have been first introduced by Loday in [7] as a non-antisymmetric
generalization of Lie algebras. The last 20 years the theory of Leibniz algebras has been actively
studied and many results of the theory of Lie algebras have been extended to Leibniz algebras. Until
now a lot of works are devoted to the description of finite-dimensional nilpotent Leibniz algebras [2]–
[4]. However, simple and semisimple parts are not studied. It is because the notions of simple and
semisimple Leibniz algebras are not agreed with corresponding the classical notions. In fact, in non-Lie
Leibniz algebra L there is non-trivial ideal, which is a subspace spanned by squares of elements of the
algebra L (denoted by I). Therefore, in [1] the notion of simple Leibniz algebra has been suggested,
namely, a Leibniz algebra L is called simple if it contains only ideals {0}, I, L and square of the algebra
is not equal to the ideal I. In the case when the Leibniz algebra is Lie algebra, the ideal I is trivial
and this definition agrees with the definition of simple Lie algebra. Obviously, the quotient algebra by
ideal I of simple Leibniz algebra is simple Lie algebra, but the converse is not true.
From an analogue of Levi’s theorem for Leibniz algebras [5] the description of simple Leibniz algebras
immediately follows. In the present paper we present the same description but with another proof.
Moreover, we introduce a notion of a semisimple Leibniz algebra (algebra whose solvable radical is
coincided with I) and investigate such algebras. Note that Leibniz algebra is semisimple if and only
if quotient Lie algebra is semisimple. In particular, we find some sufficient conditions under which
an analogue of splitting theorem for semisimple Leibniz algebras is true. In addition, an example of
semisimple Leibniz algebra, which is not decomposed into a direct sum of simple Leibniz ideals, is
given.
Actually, there exist semisimple Leibniz algebras (which are not simple in general) for which the
quotient algebra is simple Lie algebra. So, we call such algebras Lie-simple Leibniz algebras. According
to this definition the natural question arises - whether an arbitrary finite dimensional semisimple
Leibniz algebra is a direct sum of Lie-simple Leibniz algebras. We show that the answer to the
question is also negative, we give a counterexample.
Finally, for some special classes of semisimple Leibniz algebras we give sufficient conditions under
which these classes decomposed into a direct sum of the Lie-simple Leibniz algebras. More precisely,
we consider a semisimple Leibniz algebra consisting of the direct sum of the classical three dimensional
simple Lie algebras sl2.
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In this paper all algebras and vector spaces are considered over a field of characteristic zero and
finite dimensional.
We shall use symbols: +, ⊕ and +˙ for notations of direct sum of vector spaces, direct and semidirect
sums of algebras, respectively.
2. Preliminaries
In this section we give necessary definitions and preliminary results.
Definition 2.1. An algebra (L, [·, ·]) over a field F is called a Leibniz algebra if for any x, y, z ∈ L the
so-called Leibniz identity
[x, [y, z]] = [[x, y], z]− [[x, z], y]
holds true.
For a given Leibniz algebra L we define derived sequence as follows:
L1 = L, L[n+1] = [L[n], L[n]], n ≥ 1.
Definition 2.2. A Leibniz algebra L is called solvable, if there exists m ∈ N such that L[m] = 0. The
minimal number m with this property is called index of solvability of the algebra L.
Let us recall Levi’s theorem for Lie algebras.
Theorem 2.3. [6]. For an arbitrary finite dimensional Lie algebra B over a field of characteristic
zero with solvable radical R, there exists semisimple subalgebra G such that B = G+˙R.
Further we shall need in the following splitting theorem for semisimple Lie algebras.
Theorem 2.4. [6]. An arbitrary finite dimensional semisimple Lie algebra is decomposed into a direct
sum of simple ideals and the decomposition is unique up to permutations of summands.
In [5] it is shown that for Leibniz algebra L the ideal I = id < [x, x] |x ∈ L > coincides with the
space spanned by squares of elements of L. Note that the ideal I is the minimal ideal with respect to
the property that the quotient algebra L/I is a Lie algebra.
According to [6] a three-dimensional simple Lie algebra is said to be split if the algebra contains
an element h such that ad h has a non-zero characteristic root ρ belonging to the base field. It is
well-known that any such algebra has a basis {e, f, h} with the multiplication table
[e, h] = 2e, [f, h] = −2f, [e, f ] = h,
[h, e] = −2e, [h, f ] = 2f, [f, e] = −h.
This simple 3-dimensional Lie algebra denoted by sl2 and the basis {e, f, h} is called canonical basis.
Note that any 3-dimensional simple Lie algebra is isomorphic to sl2.
Here is the result of [10] which describes simple Leibniz algebras whose quotient Lie algebras are
isomorphic to sl2.
Theorem 2.5. Let L be a complex finite dimensional simple Leibniz algebra. Assume that the quotient
Lie algebra L/I is isomorphic to the algebra sl2. Then there exist a basis {e, f, h, x0, x1, . . . , xm} of L
such that non-zero products of basis elements in L are represented as follows:
[e, h] = 2e, [h, f ] = 2f, [e, f ] = h,
[h, e] = −2e, [f, h] = −2f, [f, e] = −h,
[xk, h] = (m− 2k)xk, 0 ≤ k ≤ m,
[xk, f ] = xk+1, 0 ≤ k ≤ m− 1,
[xk, e] = −k(m+ 1− k)xk−1, 1 ≤ k ≤ m.
In [10] Leibniz algebras (they are not necessary to be simple) for which the quotient Lie algebras
are isomorphic to sl2 are described. Let us present a Leibniz algebra L with table of multiplication in
a basis {e, f, h, xj1, . . . , x
j
tj
, 1 ≤ j ≤ p} which is not simple, but the quotient algebra L/I is a simple
[10]:
[e, h] = 2e, [h, f ] = 2f, [e, f ] = h,
[h, e] = −2e, [f, h] = −2f, [f, e] = −h,
[xjk, h] = (tj − 2k)x
j
k, 0 ≤ k ≤ tj ,
[xjk, f ] = x
j
k+1, 0 ≤ k ≤ tj − 1,
[xjk, e] = −k(tj + 1− k)x
j
k−1, 1 ≤ k ≤ tj .
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where L = sl2 + I1 + I2 + · · ·+ Ip and Ij = 〈x
j
1, . . . , x
j
tj
〉, 1 ≤ j ≤ p.
Note that the above presented Leibniz algebras are examples of non-simple but Lie-simple Leibniz
algebras.
Now we define a notion of semisimple Leibniz algebra.
Definition 2.6. A Leibniz algebra L is called semisimple if its maximal solvable ideal is equal to I.
Since in Lie algebras case the ideal I is equal to zero, this definition also agrees with the definition
of semisimple Lie algebra.
Obviously, for the sets of n-dimensional simple (SimpLn), Lie-simple (LieSimpLn) and semisimple
(SemiSimpLn) Leibniz algebras the following embeddings are true:
SimpLn ⊆ LieSimpLn ⊆ SemiSimpLn.
Although the Levi’s theorem is proved for the left Leibniz algebras [5] it also is true for the right
Leibniz algebras (we considering right Leibniz algebras).
Theorem 2.7. [5] (Levi’s Theorem). Let L be a finite dimensional Leibniz algebra over a field of
characteristic zero and R be its solvable radical. Then there exists a semisimple subalgebra S of L,
such that L = S+˙R.
From the proof of Theorem 2.7 it is not difficult to see that S is a semisimple Lie algebra. Therefore,
we have that a simple Leibniz algebra is a semidirect sum of simple Lie algebra S and irreducible right
module I, i.e. L = S+˙I. Hence, we get the description of simple Leibniz algebras in terms of simple
Lie algebras and its ideals I. For example see the algebras of Theorem 2.5.
Definition 2.8. A nonzero module M whose only submodules are the module itself and zero module
is called irreducible module. A nonzero module M which is a direct sum of irreducible modules is said
to be completely reducible.
Further we shall use the following classical result of the theory of Lie algebras.
Theorem 2.9. [6] Let G be a semisimple Lie algebra over a field of characteristic zero. Then every
finite dimensional module over G is completely reducible
Here is an example of simple Leibniz algebras constructed in [1].
Example 1. Let G be a simple Lie algebra and M be an irreducible skew-symmetric G−module
(i.e. [x,m] = 0 for all x ∈ G,m ∈ M). Then the vector space Q = G + M equipped with the
multiplication [x+m, y + n] = [x, y] + [m, y], where m,n ∈M,x, y ∈ G is a simple Leibniz algebra.
3. The main results
As it was mentioned above from Theorem 2.7 it follows that any simple Leibniz algebra is presented
as a semidirect sum of a simple Lie algebra and the ideal I.
Below we give another proof of the description of simple Leibniz algebras without using Levi’s
theorem.
Theorem 3.1. Let L be a finite dimensional simple Leibniz algebra. Then it has the construction of
the Example 1 for G ∼= L/I and M = I.
Proof. Let L be an algebra satisfying the conditions of theorem. It should be noted, that the ideal I
may be considered as a right L/I-module by the action:
m ∗ (a+ I) = [m, a],
where m ∈ I, a+ I ∈ L/I. Since L/I is a simple Lie algebra then by Whytehead’s Lemma [6] we have
H2(L/I, I) = 0.
J.-L. Loday [8] established that there exist the following natural bijection:
Ext(L,M) ∼= HL2(L,M).
Recall a result of T. Pirashvili [9], which says the following:
Let g is semisimple Lie algebra and M is right irreducible module over g such that H2(g,M) = 0.
Then HL2(g,M) = 0.
Let now L = L′ ⊕ I is a direct sum vector spaces, where L′ ∼= L/I is a simple Lie algebra. Since
ideal I is contained in right annihilator of the algebra L then we have [L′, I] = 0 and [I, I] = 0. Due to
simplicity of Leibniz algebra L we derive that the ideal I is irreducible L/I-module. Using Pirashvili’s
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result we have HL2(L/I, I) = 0, but the condition 0 = HL2(L/I, I) ∼= Ext(L/I, I) is equivalent to
L ∼= L/I+˙I. 
Let us investigate the case of semisimple Leibniz algebras. Let L be a semisimple Leibniz algebra.
Similarly to the case of simple Leibniz algebras we can establish that L ∼= L/I + I. It is known the
result on decomposition of semisimple Lie algebra L/I into a direct sum of simple Lie ideals. Moreover,
we have that L/I-module I is completely reducible and hance, ideal I is decomposed into a direct sum
of irreducible submodules over the Lie algebra L/I.
Taking into account these results for semisimple Leibniz algebras it seems that the following con-
clusion is true for Leibniz algebras case:
Conclusion. An arbitrary finite dimensional semisimple Leibniz algebra is decomposed into direct
sum of simple ones.
Let L be a finite dimensional semisimple Leibniz algebra. Then according to Theorem 2.7 we
have L = S+˙I, where S is a semisimple Lie algebra and [I, S] = I. From Theorem 2.4 we get S =
S1 ⊕ S2 ⊕ · · · ⊕ Sk, where Si, ( 1 ≤ i ≤ k) is a simple Lie algebra. Thus, we have
L = (S1 ⊕ S2 ⊕ · · · ⊕ Sk)+˙I.
Let us introduce the denotation Ij = [I, Sj ] for 1 ≤ j ≤ k.
Lemma 3.2. The following are true:
a) I = I1 + I2 + · · ·+ Ik;
b) Ij is an ideal of L for all j (1 ≤ j ≤ k);
c) Ij = [Ij , Sj ] for all j (1 ≤ j ≤ k);
d) Sj + Ij is an ideal of L for all j (1 ≤ j ≤ k)
Proof. Since I is an ideal of L then Ij = [I, Sj ] ⊆ I for all j. Hence, I1 + I2 + · · ·+ Ik ⊆ I.
From
I = [I, S] = [I, S1 ⊕ S2 ⊕ · · · ⊕ Sk] ⊆ [I, S1] + [I, S2] + · · ·+ [I, Sk] = I1 + I2 + · · ·+ Ik,
we have the correctness of the statement a).
The proof of the statement b) follows from property [Sj , Sj] = Sj and we have
[Ij , L] = [[I, Sj ], L] ⊆ [I, [Sj , L]] + [[I, L], Sj] =
= [I, [Sj , (S1 ⊕ S2 ⊕ · · · ⊕ Sk)+˙I]] + [[I, (S1 ⊕ S2 ⊕ · · · ⊕ Sk)+˙I], Sj] ⊆
⊆ [I, [Sj , (S1 ⊕ S2 ⊕ · · · ⊕ Sk)]] + [[I, (S1 ⊕ S2 ⊕ · · · ⊕ Sk)], Sj ] ⊆
⊆ [I, [Sj , Sj ]] + [I, Sj ] ⊆ [I, Sj ] = Ij .
Since from b) we have that Ij is an ideal of L, we obtain [Ij , Sj ] ⊆ Ij and from
Ij = [I, Sj ] = [I, [Sj , Sj ]] ⊆ [[I, Sj ], Sj ] + [[I, Sj ], Sj ] = [Ij , Sj ],
we get [Ij , Sj ] = Ij . So, the statement c) is also proved.
From the following equalities:
[Sj + Ij , L] = [Sj + Ij , (S1 ⊕ S2 ⊕ · · · ⊕ Sk)+˙I] =
= [Sj , S1 ⊕ S2 ⊕ · · · ⊕ Sk] + [Ij , S1 ⊕ S2 ⊕ · · · ⊕ Sk] = Sj + Ij ,
[L, Sj + Ij ] = [(S1 ⊕ S2 ⊕ · · · ⊕ Sk)+˙I, Sj] = [S1 ⊕ S2 ⊕ · · · ⊕ Sk, Sj] + [I, Sj ] = Sj + Ij ,
we get that Sj + Ij is an ideal of L. Thus, the part d) is also proved. 
The following example shows that the Conclusion is not true in general.
Example 2. Let L be a semisimple Leibniz algebra such that L = (sl12 ⊕ sl
2
2)+˙I, where I = I1⊕ I2
and [I1, sl
2
2] = [I2, sl
1
2] = 0. Moreover, I1 = I1,1 ⊕ I1,2, I2 = I2,1 ⊕ I2,2, where I1,1 and I1,2 are
irreducible sl12-modules. Respectively, I2,1 and I2,2 are irreducible sl
2
2-modules. Then, using the result
[10] we conclude that, there exists a basis {e1, h1, f1, e2, h2, f2, x
j
0, x
j
1, . . . , x
j
tj
}, (1 ≤ j ≤ 4) such that
multiplication table of L in this basis has the following form:
[sli2, sl
i
2] :
[ei, hi] = 2ei, [fi, hi] = −2fi, [ei, fi] = hi,
[hi, ei] = −2ei [hi, fi] = 2fi, [fi, ei] = −hi, i = 1, 2.
[I1, sl
1
2] :
[xjk, h1] = (tj − 2k)x
j
k, 0 ≤ k ≤ tj ,
[xjk, f1] = x
j
k+1, 0 ≤ k ≤ tj − 1,
[xjk, e1] = −k(tj + 1− k)x
j
k−1, 1 ≤ k ≤ tj , j = 1, 2.
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[I2, sl
2
2] :
[xjk, h2] = (tj − 2k)x
j
k, 0 ≤ k ≤ tj ,
[xjk, f2] = x
j
k+1, 0 ≤ k ≤ tj − 1,
[xjk, e2] = −k(tj + 1− k)x
j
k−1, 1 ≤ k ≤ tj , j = 3, 4.
where I1,1 = {x
1
0, . . . , x
1
t1
}, I1,2 = {x
2
0, . . . , x
2
t2
}, I2,1 = {x
3
0, . . . , x
3
t3
} and I2,2 = {x
4
0, . . . , x
4
t4
}.
Evidently, the algebra L is semisimple and it is decomposed into the direct sum of two ideals
sl12+˙(I1,1 ⊕ I1,2) and sl
2
2+˙(I2,1 ⊕ I2,2), which are not simple Leibniz algebras, but there are Lie-simple
Leibniz algebras.
Example 2 shows that in case of Ij is reducible module over a simple Lie algebra Sj , then the
Conclusion is not true. Now we consider the case of Ij is an irreducible module. First we prove the
following lemma.
Lemma 3.3. Let L be a semisimple Leibniz algebra such that L = (sl2⊕S)+˙I, where S is an arbitrary
simple Lie algebra. Let I is irreducible over sl2, then [I, S] = 0.
Proof. Let dimI = m+1, then similarly as in the proof of Theorem 2.5 we have the existence of basis
{e, f, h, x0, x1, . . . , xm} of sl2 + I such that table of multiplication has the following form:
[xi, h] = (m− 2i)xi, 0 ≤ i ≤ m,
[xi, f ] = xi+1, 0 ≤ i ≤ m− 1,
[xi, e] = −i(m+ 1− i)xk−1, 1 ≤ i ≤ m.
Let {y1, y2, . . . , yn} is a basis of algebra S. We set
[x0, yj ] =
m∑
k=0
αk,jxk, 1 ≤ j ≤ n.
Consider the Leibniz identity
[[x0, yj], f ] = [x0, [yj , f ]] + [[x0, f ], yj] = [x1, yj].
On the other hand
[[x0, yj ], f ] = [
m∑
k=0
αk,jxk, f ] =
m−1∑
k=0
αk,jxk+1.
Hence, we get
[x1, yj] =
m−1∑
k=0
αk,jxk+1, 1 ≤ j ≤ n.
From the equalities [[xi, yj ], f ] = [xi, [yj , f ]] + [[xi, f ], yj], we obtain
[xi, yj ] =
m−i∑
k=0
αk,jxk+i, 0 ≤ i ≤ m, 1 ≤ j ≤ n.
Consider the Leibniz identity
[[x0, yj ], e] = [x0, [yj, e]] + [[x0, e], yj ] = 0.
On the other hand,
[[x0, yj], e] = [
m∑
k=0
αk,jxk, e] =
m∑
k=1
k(−m− 1 + k)αk,jxk−1.
We obtain αi,j = 0, for 1 ≤ i ≤ m, 1 ≤ j ≤ n and we can assume that
[xi, yj ] = αjxi, 0 ≤ i ≤ m, 1 ≤ j ≤ n.
Using the Leibniz identity, we have
[xi, [yj, yk]] = [[xi, yj], yk]− [[xi, yk], yj ] = [αjxi, yk]− [αkxi, yj] = αkαkxi − αkαkxi = 0.
Taking into account the property [S, S] = S and arbitrariness of elements {xi, yj, yk} we get
[I, [S, S]] = [I, S] = 0. 
In the following Theorem we show the trueness of the Conclusion under some conditions.
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Theorem 3.4. Let L be a semisimple Leibniz algebras such that L = (sl12⊕sl
2
2⊕· · ·⊕sl
k−1
2 ⊕Sk)+˙I. Let
Ij is irreducible module over sl
j
2 for j = 1, k − 1 and Ik is irreducible over Sk. Then L is decomposed
into direct sum of simple Leibniz algebras, namely,
L = (sl12+˙I1)⊕ (sl
2
2+˙I2)⊕ · · · ⊕ (sl
k−1
2 +˙Ik−1)⊕ (Sk+˙Ik).
Proof. By Lemma 3.2 it is known that slj2 + Ij and Sk + Ik are ideals of L. Since Ij is irreducible over
slj2, then by Lemma 3.3 we obtain [Ij , sl
i
2] = 0 for all i, j (i 6= j).
Thus, we have
[sli2 + Ii, sl
j
2 + Ij ] = 0, i 6= j, 1 ≤ i, j ≤ k − 1.
Moreover, from Lemma 3.3 we have [Ii, Sk + Ik] = 0 for 1 ≤ i ≤ k − 1. In order to complete the
proof of theorem it is necessary to establish the equality [Ik, sl
j
2] = 0.
Let us assume the contrary, i.e. [Ik, sl
j
2] 6= 0, for some j (1 ≤ j ≤ k − 1). Since Ik is an ideal of L
and Ik ⊆ I, then we have [Ik, sl
j
2] ⊆ Ik.
From
[Ik, sl
j
2] = [[I, Sk], sl
j
2] ⊆ [I, [Sk, sl
j
2]] + [[I, sl
j
2], Sk] = [Ij , Sk] ⊆ Ij ,
we obtain [Ik, sl
j
2] ⊆ Ij .
Hence, we get Ik ∩ Ij 6= 0. Since Ik ∩ Ij is an ideal of the algebra L, then it can be considered as
the right module over slj2 and Sk. Due to Ij and Ik are irreducible, we have Ik ∩ Ij = Ij = Ik. From
[Ij , Sk] = 0 we derive [Ik, Sk] = 0, but it is a contradiction with condition
[Ik, Sk] = Ik.
Therefore, we have
[Ik, sl
j
2] = 0.
Thus, we get that [Sk + Ik, sl
j
2 + Ij ] = [sl
j
2 + Ij , Sk + Ik] = 0, which leads that the Leibniz algebra
L is decomposed into direct sum of simple ideals. 
In Example 2, it is shown that if Ij is reducible over Sj , then the semisimple Leibniz algebra is not
decomposable to direct sum of simple ideals. However this algebra is decomposed into direct sum of
Lie-simple algebras.
Naturally arises a question: whether any semisimple Leibniz algebras can be represented as a direct
sum of Lie-simple Leibniz algebras.
The following example gives the negative answer to this question.
Example 3. Let L be a 10− dimensional semisimple Leibniz algebra. Let {e1, h1, f1, e2, h2, f2, x1, x2,
x3, x4} be a basis of the algebra L such that I = {x1, x2, x3, x4}, and multiplication table of L has the
following form:
[sli2, sl
i
2] :
[ei, hi] = 2ei, [fi, hi] = −2fi, [ei, fi] = hi,
[hi, ei] = −2ei [hi, fi] = 2fi, [fi, ei] = −hi, i = 1, 2,
[I, sl12] :
[x1, f1] = x2, [x1, h1] = x1, [x2, e1] = −x1, [x2, h1] = −x2,
[x3, f1] = x4, [x3, h1] = x3, [x4, e1] = −x3, [x4, h1] = −x4,
[I, sl22] :
[x1, f2] = x3, [x1, h2] = x1, [x3, e2] = −x1, [x3, h2] = −x3,
[x2, f2] = x4, [x2, h2] = x2, [x4, e2] = −x2, [x4, h2] = −x4,
(omitted products are equal to zero).
From this table of multiplications we have [I, sl12] = [I, sl
2
2] = I. Moreover, I splits over sl
1
2 (i.e.
I = {x1, x2} ⊕ {x3, x4}) and over sl
2
2 (i.e. I = {x1, x3} ⊕ {x2, x4}). Therefore,
L = (sl12 ⊕ sl
2
2)+˙I 6= (sl
1
2+˙I1)⊕ (sl
2
2+˙I2).
Below we find some types of semisimple Leibniz algebras which are decomposed into a direct sum
of Lie-simple Leibniz algebras.
Let L be a semisimple Leibniz algebra such that L = (sl2 ⊕ S)+˙I, where S is a simple Lie algebra.
Let I1 = [I, sl2] be an irreducible over sl2, then according to Theorem 2.9 the module I1 is a completely
reducible, i.e. I1 = I1,1 ⊕ I1,2 ⊕ · · · ⊕ I1,p, where I1,i is irreducible over sl
1
2.
Let us consider the case of p = 2.
Proposition 3.5. If dimI1,1 6= dimI1,2, then L = (sl2+˙I1)⊕ (S+˙I2).
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Proof. Let I1 = I1,1 ⊕ I1,2, then there exists a basis {e, h, f, x
1
0, x
1
1, . . . , x
1
t1
, x20, x
2
1, . . . , x
2
t2
} of sl2 + I1,
such that
[I1, sl2] :
[xjk, h] = (tj − 2k)x
j
k, 0 ≤ k ≤ tj ,
[xjk, f ] = x
j
k+1, 0 ≤ k ≤ tj − 1,
[xjk, e] = −k(tj + 1− k)x
j
k−1, 1 ≤ k ≤ tj , j = 1, 2.
where I1,1 = {x
1
0, . . . , x
1
t1
}, I1,2 = {x
2
0, . . . , x
2
t2
}.
Without loss of generality we can assume that t1 > t2.
Let {y1, y2, . . . , ym} be a basis of the algebra S.
We put
[xi0, y1] =
2∑
j=1
tj∑
r=0
αji,rx
j
r, 1 ≤ i ≤ 2.
Consider equalities
[[x10, f ], y1] = [x
1
0, [f, y1]] + [[x
1
0, y1], f ] = [
2∑
j=1
tj∑
r=0
αj1,rx
j
r, f ] =
2∑
j=1
tj−1∑
r=0
αj1,rx
j
r+1.
On the other hand
[[x10, f ], y1] = [x
1
1, y1].
Hence, we get
[x11, y1] =
2∑
j=1
tj−1∑
r=0
αj1,rx
j
r+1.
From equalities
[x1k, y1] = [[x
1
k−1, f ], y1] = [x
1
k−1, [f, y1]] + [[x
1
k−1, y1], f ]
and induction we derive
[x1k, yj ] =
2∑
j=1
tj−k∑
r=0
αj1,rx
j
r+k, 1 ≤ k ≤ t2,
[x1k, yj ] =
t1−k∑
r=0
αj1,rx
j
r+k, t2 + 1 ≤ k ≤ t1.
Consider the products
[[x10, e], y1] = [x
1
0, [e, y1]] + [[x
1
0, y1], e] = [[x
1
0, y1], e] =
= [
2∑
j=1
tj∑
r=0
αj1,rx
j
r, e] =
2∑
j=1
tj∑
r=1
αj1,r(−r(tj + 1− r))x
j
r−1.
On the other hand
[[x10, e], y1] = 0.
Comparing the coefficients at the basis elements, we obtain
αj1,r = 0, 1 ≤ j ≤ 2, 1 ≤ r ≤ tj .
Thus, we have
[x1k, y1] = α
1
1,0x
1
k + α
2
1,0x
2
k, 0 ≤ k ≤ t2,
[x1k, y1] = α
1
1,0x
1
k, t2 + 1 ≤ k ≤ t1.
Similarly, from the products [[x2k, f ], y1] for 0 ≤ k ≤ t2 − 1 and [[x
2
0, e], y1] we obtain
[x2k, y1] = α
1
2,0x
1
k + α
2
2,0x
2
k, 0 ≤ k ≤ t2,
Consider
[[x2t2 , f ], y1] = [x
2
t2
, [f, y1]] + [[x
2
t2
, y1], f ] = [α
1
2,0x
1
t2
+ α22,0x
2
t2
, f ] = α12,0x
1
t2+1.
From the equality [x2t2 , f ] = 0 we obtain α
1
2,0 = 0. Thus, we get
[x2k, y1] = α
2
2,0x
2
k, 0 ≤ k ≤ t2.
Consider the products
[[x10, h], y1] = [x
1
0, [h, y1]] + [[x
1
0, y1], h] = [α
1
1,0x
1
0 + α
2
1,0x
2
0, h] = t1α
1
1,0x
1
0 + t2α
2
1,0x
2
0.
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On the other hand
[[x10, h], y1] = [t1x
1
0, y1] = t1α
1
1,0x
1
0 + t1α
2
1,0x
2
0.
Comparing the coefficient at the basis elements, we have (t1 − t2)α1,2 = 0. The condition t1 6= t2,
implies α1,2 = 0.
Thus, we can assume that
[x1k, y1] = α1,1x
1
k, 0 ≤ k ≤ t1,
[x2k, y1] = α2,1x
2
k, 0 ≤ k ≤ t2.
In a similar way as above we obtain
[xik, yj] = αi,jx
i
k, 1 ≤ i ≤ 2, 0 ≤ k ≤ ti, 1 ≤ j ≤ m.
Consider the equalities
[xik, [yp, yq]] = [[x
i
k, yp], yq]− [[x
i
k, yq], yp] = [αi,px
i
k, yq]− [αi,qx
i
k, yp] = αi,pαi,qx
i
k − αi,qαi,px
i
k = 0.
Taking into account the property [S, S] = S and arbitrariness of the elements {xik, yp, yq} we obtain
[I, [S, S]] = [I, S] = 0.
Moreover, [I2, sl2] = 0. Indeed,
[I2, sl2] = [[I2, S], sl2] ⊆ [I2, [S, sl2]] + [[I2, sl2], S] = [[I2, sl2], S] ⊆ [I1, S] = 0.
Thus, we have proved that the semisimple Leibniz algebra L is decomposed into the direct sum of
two Lie-simple Leibniz algebras, i.e. L = (sl2+˙I1)⊕ (S+˙I2). 
Let L be a semisimple Leibniz algebra such that L = (sl12 ⊕ sl
2
2 ⊕ . . . sl
1
2 ⊕ sl
k−1
2 ⊕ Sk)+˙I and
Ij is a reducible module over sl
j
2. Then the module Ij is a completely reducible over sl
j
2, i.e. Ij =
Ij,1 ⊕ Ij,2 ⊕ · · · ⊕ Ij,pj , where Ij,i is an irreducible over sl
j
2.
We generalize the above Proposition 3.5 and define types of semisimple Leibniz algebras which are
decomposed into direct sum of Lie-simple ones.
Theorem 3.6. If dimIj,r 6= dimIj,q for any 1 ≤ j ≤ k − 1, 1 ≤ r, q ≤ pj, p 6= q then
L = (sl12+˙I1)⊕ (sl
2
2+˙I2)⊕ · · · ⊕ (sl
k−1
2 +˙Ik−1)⊕ (Sk+˙Ik).
Proof. In order to prove theorem it is sufficient to prove
[slj2 + Ij , Sk + Ik] = [Sk + Ik, sl
j
2 + Ij ] = 0.
Without loss of generality, we can suppose j = 1 and I1 = I1,1 ⊕ I1,2 ⊕ · · · ⊕ I1,p. Let
{e, h, f, x10, x
1
1, . . . , x
1
t1
, x20, x
2
1, . . . , x
2
t2
, . . . xp0, x
p
1, . . . , x
p
tp
} be a basis of sl12 + I1 such that
[xjk, h] = (tj − 2k)x
j
k, 0 ≤ k ≤ tj ,
[xjk, f ] = x
j
k+1, 0 ≤ k ≤ tj − 1,
[xjk, e] = −k(tj + 1− k)x
j
k−1, 1 ≤ k ≤ tj ,
where I1,j = {x
j
0, x
j
0, . . . , x
j
tj
}, 1 ≤ j ≤ p.
Since dimI1,r 6= dimI1,q, then without loss of generality we can assume that t1 > t2 > · · · > tp.
Let {y1, y2, . . . , ym} be a basis of Sk. Put
[xi0, y1] =
p∑
j=1
tj∑
r=0
αji,rx
j
r, 1 ≤ i ≤ p.
Similarly as in the proof of the Proposition 3.5 considering Leibniz identity
[[x1k, f ], y1] = [x
1
k, [f, y1]] + [[x
1
k, y1], f ],
we obtain
[x1k, y1] =
p∑
j=1
tj−k∑
r=0
αj1,rx
j
r, 0 ≤ k ≤ tp,
[x1k, y1] =
p−q∑
j=1
tj−k∑
r=0
αj1,rx
j
r, 1 ≤ q ≤ p− 1, tp−q+1 + 1 ≤ k ≤ tp−q.
Consider the equalities
[[x10, e], y1] = [x
1
0, [e, y1]] + [[x
1
0, y1], e] = [[x
1
0, y1], e] =
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= [
p∑
j=1
tj∑
r=0
αj1,rx
j
r, e] =
p∑
j=1
tj∑
r=1
αj1,r(−r(tj + 1− r))x
j
r−1.
On the other hand
[[x10, e], y1] = 0.
Comparing the coefficients at the basis elements, we get
αj1,r = 0, 1 ≤ j ≤ p, 1 ≤ r ≤ tj .
Thus, we have
[x1k, y1] =
p∑
j=1
α11,jx
j
k, 0 ≤ k ≤ tp,
[x1k, y1] =
p−q∑
j=1
α11,jx
j
k, 1 ≤ q ≤ p− 1, tp−q+1 + 1 ≤ k ≤ tp−1.
Consider the equalities
[[x10, h], y1] = [x
1
0, [h, y1]] + [[x
1
0, y1], h] = [
p∑
j=1
α11,jx
j
0, h] =
p∑
j=1
tjα
1
1,jx
j
0.
On the other hand
[[x10, h], y1] = [t1x
1
0, y1] = t1
p∑
j=1
α11,jx
j
0.
Comparing the coefficient at the basis elements, we have (t1 − tj)α1,j = 0. The condition t1 6= tj
implies that α1,j = 0 for all 2 ≤ j ≤ p.
Thus, rewriting the index of the coefficients, we obtain
[x1k, y1] = α1,1x
1
k, 0 ≤ k ≤ t1,
Similarly we obtain
[xik, yj ] = αi,jx
i
k, 1 ≤ i ≤ p, 0 ≤ k ≤ ti, 1 ≤ j ≤ m.
Consider the products
[xik, [yp, yq]] = [[x
i
k, yp], yq]− [[x
i
k, yq], yp] = [αi,px
i
k, yq]− [αi,qx
i
k, yp] = αi,pαi,qx
i
k − αi,qαi,px
i
k = 0.
From the arbitrariness of elements {xik, yp, yq} and condition [Sk, Sk] = Sk we have [I1, [Sk, Sk]] =
[I1, Sk] = 0.
From
[Ik, sl
1
2] = [[Ik, Sk], sl2] ⊆ [Ik, [Sk, sl
1
2]] + [[Ik, sl
1
2], Sk] = [[Ik, sl
1
2], Sk] ⊆ [I1, Sk] = 0
we get [Ik, sl
1
2] = 0.
Thus, we obtain
[slj2 + Ij , Sk + Ik] = [Sk + Ik, sl
j
2 + Ij ] = 0.

Analyzing the proof of the Theorem 3.6 we obtain the result, which generalize the Example 3.
Theorem 3.7. Let L be a semisimple Leibniz algebra such that L = (sl2 ⊕ S)+˙I and I1 = [I, sl2] is a
reducible over sl2. Let I1 = I1,1 ⊕ I1,2 ⊕ · · · ⊕ I1,p, where I1,j is an irreducible over sl2. If
dimI1,j1 = dimI1,j2 = . . . dimI1,js = t+ 1,
then there exist (t+1) pieces of s-dimensional submodules I2,1, I2,2, . . . I2,t+1 of module I2 = [I, S] (i.e.
dimI2,i = s, 1 ≤ i ≤ t+ 1) such that
I2,1 + I2,2 + · · ·+ I2,t+1 = I1 ∩ I2.
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Proof. Let L satisfies the condition of theorem. Without loss of generality we can assume that
dimI1,1 = dimI1,2 = · · · = dimI1,s = t+ 1.
Analogously as in the proof of Proposition 3.5 considering the Leibniz identities for the products
[[x1k, f ], yj] = [x
1
k, [f, yj ]] + [[x
1
k, yj], f ],
[[x1k, e], yj] = [x
1
k, [e, yj ]] + [[x
1
k, yj], e],
[[x1k, h], yj ] = [x
1
k, [h, yj]] + [[x
1
k, yj ], h],
we obtain
[xik, yj] =
s∑
r=1
αij,rx
r
k,
where 0 ≤ k ≤ t, 1 ≤ i ≤ s, 1 ≤ j ≤ m.
From these products it is not difficult to see that
I2,j = {x
1
j , x
2
j , . . . , x
s
j} (0 ≤ j ≤ t)
are s-dimensional submodules of I2 over S. 
Finally, we remark that a semisimple Leibniz algebra is decomposed into a direct sum of Lie-simple
ones if and only if Ip ∩ Iq = {0} for any p 6= q (in denotations of Lemma 3.2).
References
[1] Abdukassymova A.S. Dzhumadil’daev A.S. Simple Leibniz algebras of rank 1. Abstract presented to the IX Inter-
national Conference of the Representation Theory of Algebras., Beijing, China, 2000, p. 17–18.
[2] Albeverio S., Omirov B.A., Rakhimov I.S. Varieties of nilpotent complex Leibniz algebras of dimension less than
five, Commun. Alg., 2005, 33, 1575–1585.
[3] Albeverio S., Ayupov Sh.A., Omirov B.A. Cartan subalgebras, weight spaces and criterion of solvability of finite
dimensional Leibniz algebras. Rev. Mat. Complut., 2006, 19(1), p. 183–195.
[4] Ayupov Sh.A., Omirov B.A. On Leibniz algebras. Algebra and operators theory. Proceedings of the Colloquium in
Tashkent 1997. Kluwer Acad. Publ., 1998, p. 1–13.
[5] Donald W. Barnes. On Levi’s theorem for Leibniz algebras. Arxiv. 1109.1060v1.
[6] Jacobson N. Lie algebras, Interscience Publishers, Wiley, New York, 1962.
[7] Loday J.-L. Une version non commutative des alge`bres de Lie: les alge`bres de Leibniz. Ens. Math., 1993, 39, p.
269–293.
[8] Loday J.-L. Pirashvili T. Universal enveloping algebras of Leibniz algebras and (co)homology. Math. Ann., 1993,
296, p. 139–158.
[9] Pirashvili T. On Leibniz homology. Ann. Inst. Fourier, 1994, 44, p. 401–411.
[10] Rakhimov I.S., Omirov B.A. and Turdibaev R.M. On description of Leibniz algebras corresponding to sl2, to appear.
[11] Malcev, A. I. Solvable Lie algebras, Amer. Math. Soc. Trans., 1950, 27, 36 pp.
[Vidal Go´mez] Dpto. Matema´tica Aplicada I. Universidad de Sevilla. Avda. Reina Mercedes, s/n. 41012
Sevilla. (Spain)
E-mail address: samuel.gomezvidal@gmail.com
[B.A. Omirov – A.Kh. Khudoyberdiyev] Institute of Mathematics and Information Technologies of Acad-
emy of Uzbekistan, 29, Do’rmon yo’li street., 100125, Tashkent (Uzbekistan)
E-mail address: omirovb@mail.ru --- khabror@mail.ru
